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It is easily demonstrated that the mapping in (10.3.11) takes points in the LHP of
the s-plane into corresponding points inside this circle in the z-plane, and points in
the right-hand plane (RHP) of the s-plane are mapped into points outside this circle.
Consequently, this mapping has the desirable property that a stable analog filter is
transformed into a stable digital filter. However, the possible location of the poles of
the digital filter are confined to relatively small frequencies and, as a consequence,
the mapping is restricted to the design of lowpass filters and bandpass filters having
relatively small resonant frequencies. It is not possible, for example, to transform a
highpass analog filter into a corresponding highpass digital filter.

In an attempt to overcome the limitations in the mapping given above, more
complex substitutions for the derivatives have been proposed. In particular, an L th-
order difference of the form

dy(1)
dt

i o, YT +&T) = y(uT ~KT)
k

r=nT T E=1 T

(10.3.13)

has been proposed, where {o; ) are aset of parameters that can be selected to optimize
the approximation. The resulting mapping between the s-plane and the z-plane is

now
o .
— k_ %
s= D (@ -7 (10.3.14)
k=1
When z = ¢/%, we have
2
5 = j? Zak sin wk (10.3.15)
k=1
which is purely imaginary. Thus
5 L
Q== ; o sin wk (10.3.16)

is the resulting mapping between the two frequency variables. By proper choice of
the coefficients {«y] itis possible to map the jQ-axisinto the unit circle. Furthermore,
points in the LHP in s can be mapped into points inside the unit circle in z.

Despite achieving the two desirable characteristics with the mapping of (10.3.16),
the problem of selecting the set of coefficients {a;} remains. In general, this is a
difficult problem. Since simpler techniques exist for converting analog filters into
IIR digital filters, we shall not emphasize the use of the Lth-order difference as a
substitute for the derivative.

EXAMPLE 10.3.1
Zonvert the analog bandpass filter with system function

1

H.) = o759

into a digital IIR filter by use of the backward difference for the derivative.




664 Chapter 10 Design of Digital Filters

Solution.  Substitution for s from (10.3.6) into H (s) yields

1,
H@) = -

1-z71
; 9
( T +01) +

T2/(1 + 02T +9.017%)
T FEFOLT) 1 2
15027 +9.0172° T 1+02T +9.0172

The system function H (z) has the form of a resonator provided that T is selected small enough
(e.g., T < 0.1),inorder for the poles to be near the unit circle. Note that the condition a} < 4az
is satisfied, so that the poles are complex valued.

For example, if T = 0.1, the poles are located at

| sy (9149027

= 0.949¢+/16°

We note that the range of resonant frequencies is limited to low frequencies, due to
the characteristics of the mapping. The reader is encouraged to plot the frequency
response H (w) of the digital filter for different values of T and compare the results

with the frequency response of the analog filter.

EXAMPLE 10.3.2

Convert the analog bandpass filter in Example 10.3.1 into a digital TIR filter by use of the
mapping

o= =-2h
—TZ Z

Solution. By substituting for s in H(s), we obtain

1
H(z) = 5

z—z!
( v +0.1) +9

ZZTZ
T AL 02T2 4+ (24+9.01T)2 — 02Tz +1

We observe that this mapping has introduced two additional poles in the conversion from
H,(s) to H(z). As a consequence, the digital filter is significantly more complex than the
analog filter. This is a major drawback to the mapping given above.
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If we sample 7,(r) periodically at t = nT, we have

' h(n) = ha(nT)

N
k=1

Now, with the substitution of (10.3.28), the system function of the resulting digital

(10.3.28)

IIR filter becomes
[=.4]
H@ =) hmz™
n=(0
e} N
= Z (Z ckepﬂ") 7" (10.3.29)
n=0 \ik=1
N 0
= e ) (Pl
k=1 n=0
The inner sum in (10.3.29) converges because p; < 0 and yields
Z(Em T~y = ePsz ; (10.3.30)
n=0

Therefore, the system function of the digital filter is

Mz

H(z) = ePsz : (10.3.31)
k=1
We observe that the digital filter has poles at
zp = ePkT k=1,2,...,N (10.3.32)

Although the poles are mapped from the s-plane to the z-plane by the relationship
in (10.3.32), we should emphasize that the zeros in the two domains do not satisfy the
same relationship. Therefore, the impulse invariance method does not correspond
to the simple mapping of points given by (10.3.24).

The development that resulted in H(z) given by (10.3.31) was based on a filter
having distinct poles. It can be generalized to include multiple-order poles. For
brevity, however, we shall not attempt to generalize (10.3.31).

EXAMPLE 10.3.3

Convert the analog filter with syétem function

s+0.1

H)= oz o

into a digital TIR filter by means of the impulse invariance method.













